This paper investigates the degenerate scale problem for the Laplace equation and plane elasticity in a multiply connected region with an outer circular boundary. Inside the boundary, there are many voids with arbitrary configurations. The problem is analyzed with a relevant homogenous BIE (boundary integral equation). It is assumed that all the inner void boundary tractions are equal to zero, and tractions on the outer circular boundary are constant. Therefore, all the integrations in BIE are performed on the outer circular boundary only. By using the relation z Ã conjg(z) = a Ã a, or conjg(z) = a Ã a/z on the circular boundary with radius a, all integrals can be reduced to an integral for complex variable and they can be integrated in closed form. The degenerate scale a = 1 is found in the Laplace equation and in plane elasticity regardless of the void configuration.
Introduction
The boundary integral equation (BIE) widely used in elasticity is fundamentally based on several older studies (Rizzo, 1967; Cruse, 1969; Brebbia et al., 1984) . The development of the boundary element method has been recently summarized (Cheng and Cheng, 2005) .
The degenerate scale problem in BIE is a particular boundary value problem in plane elasticity as well as in the Laplace equation, typically arising from the exterior Dirichlet problem in plane elasticity. Once the degenerate scale is reached, the relevant homogenous equation for the boundary tractions has a non-trivial solution. In other words, the non-homogeneous equation has a non-unique solution (i.e., multiple solutions). Illogical solutions in the degenerate scale must be ignored.
Degenerate scale problems have been studied by many researchers using a variety of methods Mantic, 2004, 2008; He et al., 1996a,b; Chen JT et al., 2001 , 2002a ,b, 2005 Chen and Shen, 2007; Chen YZ et al., 2007a,b, in press ).
Among the suggested techniques for evaluating the degenerate scale, the coordinate transform technique is significant Mantic, 2004, 2008; Chen JT et al., 2005) , since simply solving a BIE in the normal scale leads to the equation for evaluating the degenerate scale.
Numerical procedures were developed to evaluate the degenerate scale directly from the zero value of a determinant, or det U(a) = 0 (Chen YZ et al., 2007a,b) . The influence matrix is denoted U(a), where ''a" refers to size. In the computation, the size ''a" is changed gradually. Once the condition det U(a) = 0 is satisfied, the relevant scale ''a" is the degenerate scale. The conformal mapping technique is used to determine the degenerate scale for a variety of void configurations (Chen YZ et al., in press) .
The degenerate scale for multiply connected Laplace problems has also been previously studied (Chen and Shen, 2007) , and the null-field integral equation was used for analytical analysis. The problem was studied in a discrete system. When the outer circular boundary radius equals unity, all elements in one column of the influence matrix become zero. Thus, the influence matrix is singular when the size reaches the degenerate scale.
This paper investigates the degenerate scale problem for the Laplace equation and plane elasticity in a multiply connected region with an outer circular boundary. Inside the circular boundary, there are many voids with arbitrary configurations. The problem is studied with a relevant homogenous equation of a BIE, and we aim to find a non-trivial solution. It is assumed that the tractions on all the inner void boundaries are equal to zero and tractions on the outer circular boundary are constant. Therefore, integrations are performed on the outer circular boundary only. By using the relation z Ã conjg(z) = a Ã a, or conjg(z) = a Ã a/z on the circular boundary with radius a, all integrals in BIE can be reduced to an integral for complex variable and they can be integrated in a closed from. The degenerate scale a = 1 is found in the Laplace equation and in the plane elasticity regardless of the void configurations.
Evaluation of some integrals used in the degenerate scale problem
To study the degenerate scale problems described below, the following integrals must be evaluated (see Fig. 1 (a) and (b)): 
In Eq. (1), ''x" is an argument for integration, which is on the circle B 1 with radius ''a". n(n 1 , n 2 ) is an observation point, which may be on or inside the circle B 1 . Two groups can be used to evaluate the integrals defined by Eq. (1). In the first group, the point n(n 1 , n 2 ) (or the observation point) is located on the circle B 1 with radius ''a" (Fig. 1(a) ). Without sacrificing generality, it is assumed that n (n 1 , n 2 ) = a.
Clearly, the first integral takes the value
For the second integral in Eq.
(1), when n = a, we have rðx; nÞ ¼ xn ¼ 2a sinðh=2Þ (Fig. 1(a) ). Integration generates
For the third and fourth integrals in Eq. (1), when n = a, substitution r ,1 = cosa and r ,1 = sina into Eq. (1) yields ( Fig. 1(a) )
where
cos 2a dsðxÞ ð 7Þ
From Fig. 1(a) , we see that a = (p + h)/2 and ds = a dh. Substituting a = (p + h)/2 and ds = a dh into Eq. (7) yields
Finally, from Eqs. (5)- (8) 
Similarly, the fifth integral L 5 (n) can be expressed as
Clearly, we have
Finally, we obtain
Second group for evaluating these integrals involves the point n (n 1 , n 2 ) (or the observation point ''t") located inside the circle B 1 (Fig. 1(b) ). Clearly, in this case, the integral L 1 takes the same value
dsðxÞ ¼ 2pa, as indicated by Eq. (3). If the point n(n 1 , n 2 ) refers to ''t", and x(x 1 , x 2 ) refers to ''z" ( Fig. 1(b 
In Eq. (14), the relation z z ¼ a 2 on the circle B 1 is used. For a point ''z" on the circle, or z = aexp(ih), we have
Substituting Eq. (15) into Eq. (14) yields
(a) (b) Fig. 1 . Configurations for integration: (a) The observation point n (n 1 , n 2 ) is on the circle B 1 , (b) The observation point n(n 1 , n 2 ), or t, is inside the circle B 1 .
In the integral L 2a , the integrand ln 1 À t z À Á 1 z can be considered an analytic function defined outside the circle B 1 . Therefore, we have (Muskhelishvili, 1953) 
In the integral L 2b , the function lnða 2 À tzÞ can be considered an analytic function defined inside the circle B 1 . Therefore, applying the residue theorem yields (Muskhelishvili, 1953) 
Finally, from Eqs. (14)- (20), we have
ðfor nðor tÞ inside B 1 Þ ð 21Þ
From Eqs. (1) and (2) we see that, to evaluate the integrals L 3 (n), L 4 (n) and L 5 (n), we can evaluate the following integral ( Fig. 1(b) )
ðfor n ðor tÞ inside B 1 Þ ð 22Þ
In Eq. (22), the relations cos2a = 2cos 2 a À 1 and sin2a = 2sina cosa are used. The integral K 1 (n) can be rewritten as (using ds(x) = a dh, and dh = dz/(iz))
When z is on the circle B 1 , the relation z z ¼ a 2 yields ( Fig. 1(b) )
Therefore, the integral K 1 (n) can be rewritten as
In the integral K 1 (n), the integrand zÀt a 2 À tz can be considered an analytic function inside the circle B 1 (Fig. 1(b) ). Therefore, we have (Muskhelishvili, 1953) 
Eqs. (22) and (26) generate
r ;1 r ;2 dsðxÞ ¼ 0; ðfor n ðor tÞ inside B 1 Þ ð 28Þ
In addition, from the equality When studying the degenerate scale in plane elasticity, in the antiplane elasticity, or in the Laplace equation, complex variables can be used. After defining the complex potential /(z) in antiplane elasticity, all the physical quantities can be expressed through /(z) (Chen YZ et al., 2003) Gwðx; yÞ þ if ðx; yÞ ¼ /ðzÞ ð 35Þ
where G is the shear modulus of elasticity, w is the out-of-plane displacement, f is the longitudinal resultant force, r xz and r yz are the stress components, and z = x + iy. Without sacrificing generality, we always assume G = 1 in the following analysis. The displacement component w(x,y) satisfies the following Laplace equation r 2 wðx; yÞ ¼ 0; where r
While maintaining a general equation, we introduce the BIE for the Laplace equation for a multiply connected region with outer circular boundary B 1 (Fig. 2) . Inside the circular boundary B 1 , there are many voids B k (k = 2, 3, N) with arbitrary configurations (Fig. 2) . The source point is denoted by n(n 1 , n 2 ), and the field point is denoted by x(x 1 , x 2 ). After some manipulation, the following BIE is obtained (He et al., 1996b; Chen JT et al., 2005) The angles ''a" and ''b" are indicated in Fig. 2 . If we suppose that the assumed displacements w(x,y) on all contours B k (k = 1, 2, 3, N) are vanishing, substituting this result in the left hand term of Eq. (39) yields the following homogeneous equation
Eq. (43) can be rewritten in an alternative form
Eq. (44) will be satisfied under the following conditions:
(1) p(x) = 1 (or p(x) = constant), for x 2 B 1 , and p(x) = 0 for x 2 B k , k = 2, 3,. . . N.
(2) The radius of the outer circle B 1 takes the value a = 1.
From the first condition, Eq. (44) can be reduced to 
Therefore, Eq. (48) is satisfied under the second condition (a = 1).
Similarly, from Eq. (31) for the integral L 2 (n) (for n inside B 1 , or for n 2 B k , k = 2, 3,. . . N), we have J k ðnÞ ¼ 2pa ln a; and J k ðnÞj a¼1 ¼ 0 ð53Þ
Thus, Eq. (49) is satisfied under the second condition (a = 1). Finally, the above-mentioned assertion is proved. Note that the void configurations for B k (k = 2, 3,. . . N) are arbitrary.
4. Degenerate scale problem for plane elasticity in a multiply connected region with an outer circular boundary For a multiply connected region with an outer circular boundary (Fig. 2) , the BIE for plane elasticity is expressed (Brebbia et al., 1984; Chen YZ et al., 2007a) 1 2 u i ðnÞ þ
where the kernels P Ã ij ðn; xÞ and U Ã1 ij ðn; xÞ are defined by
If we suppose that the assumed displacements on all contours B k (k = 1, 2, 3, N) are vanishing, substituting this result in the left hand term of Eq. (54) yields the following homogeneous equation
Eq. (58) can be rewritten as
Eq. (59) is satisfied under the following conditions:
(1) p 1 (x) = c 1 , p 2 (x) = c 2 (c 1 , c 2 , two constants), for x 2 B 1 , and
The radius of the outer circle B 1 takes the value a = a k1 with a k1 = 1 or a = 1.
Using second portion of the first condition, Eq. (59) can be reduced to
After substituting a detailed expression for U fð3 À 4mÞ lnðrÞ À r ;2 r ;2 þ 0:5gdsðxÞ;
ðfor n 2 B k ;k ¼ 2;3; ...NÞ ð 68Þ
Substituting Eqs. (30)- (34) into Eqs. (63) and (64) yields
Therefore, the following conditions are fulfilled: 
Finally, the above-mentioned assertion is proved. We emphasize that the void configurations for B k (k = 2, 3, . . .N) are arbitrary.
In the literature, another kernel U Ã2 ij ðn; xÞ has been introduced (Brebbia et al., 1984) . The relevant homogenous equation based on this kernel is as follows: (1) p 1 (x) = c 1 , p 2 (x) = c 2 (c 1 , c 2 , two constants), for x 2 B 1 , and p 1 (x) = 0, p 2 (x) = 0 for x 2 B k ,k = 2, 3,. . . N. (2) The radius of the outer circle B 1 takes the value a = a k2 with a k2 = exp(1/2(3 À 4m)).
The validity of this assertion is easy to prove. For example, in this case, the counterpart of Eq. (63) 
This result agrees with previous results obtained for a ring region (He et al., 1996a) .
Conclusions
After making discretization, the BIE in plane elasticity can be reduced to (Chen JT et al., 2002a) 
For an elliptic boundary, two degenerate scales were found from the condition that det[U] = 0. Directly from the stress function, or the complex potentials, the same result was found for the degenerate scale in closed form (Chen JT et al., 2002a) . It was found previously that BIE discretization using a Fourier series generates a linear algebraic equation (Chen and Shen, 2007) . The influence matrix properties were studied and it was found that the influence matrix is singular for the Dirichlet problem when the radius of outer circle is one (or a = 1). Clearly, this study can only be used to the following cases: (1) the governing equation is the Laplace equation, and (2) there is only one circular void involved.
Some particular features can be found from the present study. The degenerate scale problem in a multiply connected region is studied for the Laplace equation and plane elasticity. We also directly assess the BIE without discretization. We derive and evaluate some integrals in closed form. In addition, we allow the number and the shape of voids to be arbitrary (Fig. 2) .
The procedure for evaluating some integrals is highlighted in this study. After using the results for those integrals, a compact solution for the degenerate scale problems for the Laplace equation and plane elasticity is obtained for the case of an outer circular boundary. We emphasize that the obtained result does not depend on the void configurations inside the circular boundary.
In fact, all mentioned integrals could be rewritten in the form
where B 1 is the outer circle with radius a. Since the integrand in Eq. (84), f ðz; zÞ=z, is not a pure analytic function, nothing can be directly found from Eq. (84). Using the relation z z ¼ a 2 , or z ¼ a 2 =z, the integral can be rewritten as
The integrand in Eq. (85), or f(z,a 2 /z)/z, is an analytic function. Therefore, the available equations in complex variable can be evaluated the integral shown by Eq. (85). This is a significant step towards evaluating our problem. 
Alternatively, we can insist on a non-trivial solution such that: (1) p(x) -0, for x 2 B 1 , and (2) p(x) -0 for x 2 B k , k = 2, 3,. . .N, with exception of some discrete points. Under these conditions, the solution does not exist when the degenerate scale is reached.
